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Abstract. Let M be a closed manifold of Sasaki type. A polar- 
ization of M is defined by a Reeb vector field, and for any such 

CO ' polarization, we consider the set of all Sasakian metrics compat- 

ible with it. On this space we study the functional given by the 
square of the L^-norm of the scalar curvature. We prove that 

r^ . its critical points, or canonical representatives of the polarization, 

are Sasakian metrics that are transversally extremal. We define a 
Sasaki-Futaki invariant of the polarization, and show that it ob- 

i-Q ' structs the existence of constant scalar curvature representatives. 

C^ . For a fixed CR structure of Sasaki type, we define the Sasaki cone 

of structures compatible with this underlying CR structure, and 
prove that the set of polarizations in it that admit a canonical rep- 
resentative is open. We use our results to describe fully the case of 
the sphere with its standard CR structure, showing that each ele- 

ly-v ' ment of its Sasaki cone can be represented by a canonical metric; 

^SJ . we compute their Sasaki-Futaki invariant, and use it to describe 

CO ' the canonical metrics that have constant scalar curvature, and to 

"nI , prove that just the standard polarization can be represented by a 

o 
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Sasaki-Einstein metric. 



With the knowledge that the set of Kahler metrics representing a 
given Kahler class is an affine space modeled after the smooth func- 
r> I tions, Calabi used [HI [9] a natural Riemannian functional on this space 

c^ ■ with the hope of using it to find canonical representatives of the given 

class. In effect, his functional, or Calabi energy, is simply the squared 
L^-norm of the scalar curvature, and the critical point minimizing it 
would fix the affine parameter alluded to above, yielding the desired 
representative of the class. Calabi named these critical points extremal 
Kahler metrics. It was then determined that if the Futaki character [T7] 
of the class vanishes, a plausible extremal Kahler representative must 
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be a metric of constant scalar curvature, and if under that condition 
we look at the case where the Kahler class in question is a multiple of 
the first Chern class, the extremal representative must then be Kahler- 
Einstein. 

One of the most important problems in Kahler geometry today in- 
volves the subtle questions regarding the existence of extremal Kahler 
metrics representing a given class. Over the years, starting with the 
formulation of the famous Calabi Conjecture and its proof by Yau in 
1978, various tools have been used or developed to attack this problem. 
The continuity method, Tian's a-invariant, the Calabi-Lichnerowicz- 
Matsushima obstruction, the Futaki invariant and its generalizations, 
the Mabuchi K-energy, and more recently the various notions of stabil- 
ity proposed and studied by Tian, Donaldson and others. Substantial 
progress has been made, but the general existence problem remains 
open. 

Sasakian geometry sits naturally in between two Kahler geometries. 
On the one hand, Sasakian manifolds are the bases of metric cones 
which are Kahler. On the other hand, any Sasakian manifold is con- 
tact, and the one dimensional foliation associated to the characteristic 
Reeb vector field is transversally Kahler. In many interesting situa- 
tions, the orbits of the Reeb vector field are all closed, in which case 
the Sasakian structure is called quasi-regular. Compact quasi-regular 
Sasakian manifolds have the structure of an orbifold circle bundle over 
a compact Kahler orbifold, which must be algebraic and which has at 
most cyclic quotient singularities. Since much of the study of compact 
Kahler manifolds and extremal metrics can be extended to the orb- 
ifold case, extension often done in a fairly straightforward way, it is 
not surprising that we can then "translate" statements involving com- 
pact Kahler orbifolds to conclude parallel statements regarding quasi- 
regular Sasakian structures. This is an approach that has been spec- 
tacularly successful in constructing new quasi-regular Sasaki-Einstein 
metrics on various contact manifolds of odd dimension greater than 3 
(cf. [3 [31 H [201 121], and references therein). 

For some time now, it has been believed that the only interesting 
(canonical) metrics in Sasakian geometry occur precisely in this or- 
bibundle setting. In 1994, Cheeger and Tian conjectured that any 
compact Sasaki-Einstein manifold must be quasi- regular [12]. Their 
conjecture was phrased in terms of the properties of the Calabi- Yau 
cone rather than its Sasaki-Einstein basqj, and until recently, compact 



More precisely Cheeger and Tian used the term standard cone, and the conjec- 
ture states that aU Calabi- Yau cones are standard [121 
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Sasakian manifolds with non-closed leaves were certainly known, but 
there was no evidence to suspect that we could get such structures with 
Einstein metrics as well. Hence, it was reasonable to believe that all 
Sasaki-Einstein metrics could be understood well by simply studying 
the existence of Kahler-Einstein metrics on compact cyclic orbifolds. 

As it turns out, the conjecture of Cheeger and Tian mentioned above 
is not true, and the first examples of irregular Sasaki-Einstein man- 
ifolds, that is to say, Sasaki-Einstein manifolds that are not quasi- 
regular, came first from the physics surrounding the famous CFT/AdS 
Duality Conjecture [IH1[I21[251I2SIEZI[2SI[I1]. It now appears that 
there are irregular structures of this type on many compact manifolds 
in any odd dimension greater than 3. These Sasaki-Einstein metrics 
represent canonical points in the space of metrics adapted to the un- 
derlying geometric setting. However, although their Calabi-Yau cones 
are smooth outside the tip of the cone, their space of leaves is not even 
Hausdorff, and so the whole "orbibundle over a Kahler-Einstein base" 
approach proves itself insufficient in the study of the problem. 

The discovery of these new metrics make a strong case in favor of 
a variational formulation of the study of these Sasakian metrics, in 
a way analogous to the notion of the Calabi energy and extremality. 
With the proper set-up, the quasi-regularity property should no longer 
be a key factor, and all Sasaki-Einstein metrics should indeed appear 
as minima of a suitable Riemannian functional. This would put on 
equal footing the analysis of all Sasakian structures, the quasi-regular 
or the irregular ones. Thus, we should be able to study the existence 
and uniqueness of these canonical Sasakian metrics in ways parallel to 
those used in Kahler geometry. 

Until now, this approach for finding canonical Sasakian structures 
has not been pursued, perhaps due to the lack of evidence that the 
orbibundle approach would be insufficient. We propose here to look at 
the squared L^-norm of the scalar curvature functional, defined over 
a suitable space of Sasakian metrics that are determined by fixing the 
Reeb vector field, which we think of as polarizing the Sasakian man- 
ifold. Its critical points are, by definition, canonical Sasakian metrics 
representing the said polarization. 

Recently, Martelli, Sparks and Yau presented a similar point of view 
|28j . opting to look at the Sasaki-Einstein metrics as minima of the 
Hilbert action instead. Our point of view has important advantages, 
several of which are elucidated in the present article. In particular, we 
see that for certain manifolds of Sasaki type, the optimal Sasaki metric 
on it cannot possibly have constant scalar curvature, showing the need 
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to enlarge the plausible set of metrics to be considered, if at least, from 
a mathematical point of view. 

In general, the minimization of the L^-norm of the scalar curvature 
over metrics of fixed volume is intimately related to the search for 
Einstein metrics. We use this functional here over a smaller space of 
metrics, thus laying the foundation for the study of canonical Sasakian 
metrics in a way that parallels what is done in Kahler geometry for 
the extremal metric problem. This point of view eliminates the need 
to make a distinction between the quasi-regular and the irregular case, 
discussing them both on an equal footing. For we introduce the notion 
of a polarized Sasakian manifold, polarized by a Reeb vector field, and 
analyze the variational problem for the L^-norm of the scalar curvature 
over the space of Sasakian metrics representing the said polarization. 
Given a CR structure of Sasaki type, we define the cone of Sasakian po- 
larizations compatible with this underlying CR structure, and discuss 
the variational problem for this functional as we vary the polarization 
on this cone also. The quasi-regularity or not of the resulting critical 
Sasakian structures is just a property of the characteristic foliation de- 
fined by the Reeb vector field. This foliation must clearly sit well with 
the Sasakian metrics under consideration in our approach, but it stands 
in its own right. A canonical Sasakian metric, a critical point of the 
said functional, interacts with the underlying characteristic foliation, 
but neither one of them determines the other. 

We organize the paper as follows. In §2 we recall and review the 
necessary definitions of Sasakian manifolds and associated structures. 
In §3 we define the notion of a polarized Sasakian manifold, and de- 
scribe the space of Sasakian metrics that represent a given polarization, 
a space consisting of metrics with the same transversal holomorphic 
structure. We then analyze the variational problem for the L^-norm 
of the scalar curvature with it as its domain of definition, and show 
that the resulting critical points are Sasakian metrics for which the 
basic vector field dfs'^ = d'^Sg is transversally holomorphic, that is to 
say, metrics that are transversally extremal. In §4 we study various 
transformation groups of Sasakian structures and their Lie algebras, 
proving the Sasakian version of the Lichnerowicz-Matsushima theo- 
rem. In §5 we define and study the Sasaki- Futaki invariant, and prove 
that a canonical Sasakian metric is of constant scalar curvature if, and 
only if, this invariant vanishes for the polarization under consideration. 
In §6 we define and study the Sasaki cone, and end up in §7 by proving 
that the polarizations in the Sasaki cone that admit canonical repre- 
sentatives form an open set, proving that the openness theorem for the 
extremal cone in Kahler geometry [22] holds in the Sasakian context 
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also. We illustrate the power of this result by providing a detailed 
analysis of the Sasaki cone for the standard CR-structure on the unit 
sphere S^*^"^^, and use it to show that all of its elements admit canon- 
ical representatives. We describe explicitly those that are of constant 
scalar curvature, and show that the standard metric is the only one of 
these that is Sasaki-Einstein. 

2. Sasakian manifolds 

We recall that an almost contact structure on a differentiable mani- 
fold M is given by a triple (^, r^, $), where ^ is a vector field, r^ is a one 
form, and $ is a tensor of type (1, 1), subject to the relations 

The vector field S, defines the characteristic foliation 5"^ with one- 
dimensional leaves, and the kernel of rj defines the codimension one 
sub-bundle !D. This yields a canonical splitting 

(1) TM = 'D®L^, 

where L^ is the trivial line bundle generated by ^. The sub- bundle T) 
inherits an almost complex structure J by restriction of $. Clearly, the 
dimension of M must be an odd integer 2n + 1. We refer to (M, ^, rj, $) 
as an almost contact manifold. If we disregard the tensor $ and char- 
acteristic foliation, that is to say, if we just look at the sub-bundle D 
forgetting altogether its almost complex structure, we then refer to the 
contact structure (M, D), or simply D when M is understood. Here, 
and further below, the reader can no doubt observe that the histori- 
cal development of the terminology is somewhat unfortunate, and for 
instance, it is an almost contact structure the one that gives rise to a 
contact one, rather than the other way around. 

A Riemannian metric (/ on M is said to be compatible with the 
almost contact structure (^, r/, $) if for any pair of vector fields X, F, 
we have that 

^($(X), $(F)) = g{X, Y) - viX)r]iY) . 

Any such g induces an almost Hermitian metric on the sub-bundle 2). 
We say that (^, rj, $, g) is an almost contact metric structure. 

In the presence of a compatible Riemannian metric g on (M, ^, 77, $), 
the canonical decomposition ([T]) is orthogonal. Furthermore, requiring 
that the orbits of the field ^ be geodesies is equivalent to requiring that 
£^ri = 0, a condition that in view of the relation ^Jr/ = 1, can be 
re-expressed as (.-idrj = 0. 
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An almost contact metric structure (^, rj, $, g) is said to be a contact 
metric structure if for all pair of vector fields X, Y, we have that 

(2) g{<^X,Y) = dr]{X,Y). 

We then say that (M, ^,77, $, (7) is a contact metric manifold. Notice 
that in such a case, the volume element defined by g is given by 

(3) d^g = ^^ A (rfr^)" . 

It is convenient to reinterpret the latter structure in terms of the 
cone construction. Indeed, on C{M) = M x ]R+, we introduce the 
metric 

gc = dr"^ + r'^g . 
The radial vector field rd^ satisfies 

£rdr9c = 25'c , 
and we may define an almost complex structure I on C{M) by 

I{Y) = ^{Y)+r]{Y)rdr, I{rdr) = -^. 

The almost contact manifold (M, ^, rj, $) is said to be normal if the 
pair {C{M), I) is a complex manifold. In that case, the induced almost 
complex structure J on 2) is integrable. 

Definition 2.1. An contact metric structure (^,77, $,(7) on a manifold 
M is said to be a Sasakian structure if (^, 77, $) is normal. A smooth 
manifold provided with one such structure is said to be a Sasakian 
manifold, or a manifold of Sasaki type. 

For a Sasakian structure {C,,ri,^,g), the integrability of the almost 
complex structure / on the cone C{M) implies that the Reeb vector 
field ^ leaves both, rj and $, invariant [3]. We obtain a codimension one 
integrable strictly pseudo-convex CR structure (D, J), where D = ker 77 
is the contact bundle and J = $|x), and the restriction of (7 to D defines 
a positive definite symmetric form on (2), J) that we shall refer to as 
the transverse Kahler metric g^. 

By ([2]) , the Kahler form of the transverse Kahler metric is given by 
the form dr). Therefore, the Sasakian metric g is determined fully in 
terms of (^, rj, $) by the expression 

(4) g = dr] o (10^) +r]®r] , 

where the fact that dr] is non-degenerate over D is already built in. 
Since ^ leaves invariant 77 and $, it is a Killing field, its orbits are 
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geodesies, and the decomposition ([T]) is orthogonal. Despite its depen- 
dence on the other elements of the structure, we insist on explicitly 
referring to g as part of the Sasakian structure (^, r], $, g). 

The discussion may be turned around to produce an alternative def- 
inition of the notion of Sasakian structure. For the contact metric 
structure (^,77, $,5?) defines a Sasakian structure if (!>, J) is a com- 
plex sub-bundle of TM, and ^ generates a group of isometrics. This 
alternative approach appears often in the literature. 

If we look at the Sasakian structure (^, rj, $, g) from the point of view 
of CR geometry, its underlying strictly pseudo-convex CR structure 
(D, J), with associated contact bundle 2), has Levi form drj. (In the 
sequel, when referring to any CR structure, we shall always mean one 
that is integrable and of codimension one.) 

Definition 2.2. Let (2), J) he a strictly pseudo-convex CR structure 
on M. We say that (!D, J) is 0/ Sasaki type if there exists a Sasakian 
structure S = (^, 77, $, g) such that T) = ker rj and $|xi = ^■ 

If (2), J) is a CR structure of Sasaki type, the Sasakian structures 
^ = (^! Vy ^! 9) with 2) = ker rj and $|d = J will be said to be Sasakian 
structures with underlying CR structure (T), J). 

The following well known result will be needed later. Let us observe 
that since the fibers of the Riemannian foliation defined by a Sasaki 
structure (^, rj, $, g) are geodesies, their second fundamental forms are 
trivial. 

Proposition 2.3. Let {M,^,ri,^,g) be a Sasakian manifold. Then we 
have that 

a) RiCg{X,C,) = 2nr]{X) for any vector field X. 

b) RiCg{X,Y) = RicT{X,Y) — 2g{X,Y) for any pair of sections 
X,Y ofD. 

c) Sg = St — {Al"^ = st — 2n, where A is the O'Neill tensor of the 
"corresponding" Riemannian submersion. 

In these statements, the subscript T denotes the corresponding intrinsic 
geometric quantities of the transversal metric g^ . 

Proof. The Riemannian submersion of the Sasakian structure has 
totally geodesic fibers. The vector field ^ spans the only vertical direc- 
tion, and we have that AxY = —{dri{X, Y))^, and that Ax^ = — $(X) 
for arbitrary horizontal vector fields X, Y. The first two results follow 
easily from O'Neill's formulae [32]. The computation of the L^-norm 
of A is a simple consequence of the J-invariance of the induced metric 
on 2). D 



8 c.p. boyer, k. galicki, and s.r. simanca 

3. Canonical representatives of polarized Sasakian 

manifolds 

Let us consider a Sasakian structure (^,77, $,(?) on M that shall re- 
main fixed throughout this section. There are two naturally defined 
sets of deformations of this structure, those where the Reeb vector 
field remains fixed while the underlying CR structure changes by a dif- 
feomorphism, and those where the underlying CR structure stays put 
while the Reeb vector field varies. We study the first type of deforma- 
tions in this section. They turn out to be the Sasakian analogues of the 
set of Kahler metrics representing a given polarization on a manifold of 
Kahler type. They have different but isomorphic underlying CR struc- 
ture, and they all share the same transverse holomorphic structure. 
The other set of deformations that fix the underlying CR structure 
will lead to the Sasakian analogue of the Kahler cone of a manifold of 
Kahler type, and they will be analyzed in §6] below. 

We begin by recalling that a function ip G C°°(M) is said to be basic 
if it is annihilated by the vector field ^, that is to say, if ^(v?) = 0. 
We denote by C^i^M) the space of all real valued basic functions on 
M. We observe that the notion of basic can be extended to covariant 
tensors of any order in the obvious manner. In particular, when looking 
at the transversal Kahler metric of (^, r/, $, g), its Kahler form is basic, 
and so must be all of its curvature tensors as well. This observation 
will play a crucial role in the sequel. 

We consider the set |3] 

(5) §(,^) = {Sasakian structure (,^, f/, $, ^) | ^ = ,^} , 

and provide it with the C°° compact-open topology as sections of vector 
bundles. For any element (^, fj, $, g) in this set, the 1-form (^ = fj — rj is 
basic, and so [dfi\B = [drjJB- Here, [■]b stands for a cohomology class 
in the basic cohomology ring, ring that is defined by the restriction 
ds of the exterior derivative d to the subcomplex of basic forms in the 
de Rham complex of M. Thus, all of the Sasakian structures in §(^) 
correspond to the same basic cohomology class. We call §(^) the space 
of Sasakian structures compatible with C,, and say that the Reeb vector 
field ^ polarizes the Sasakian manifold M. 

Given the Reeb vector field ^, we have its characteristic foliation 3^^, 
so we let i^{3^s.) be the vector bundle whose fiber at a point p & M 
is the quotient space TpM/L^, and let vr,^ : TM — > //(J'^) be the nat- 
ural projection. The background structure S = (^, rj, $, g) induces a 
complex structure J on t^{3^(). This is defined by JX := $(X), where 
X is any vector field in M such that 7r(X) = X. Furthermore, the 
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underlying CR structure (D, J) of S is isomorphic to (z/(3^^), J) as a 
complex vector bundle. For this reason, we refer to (//(J"^), J) as the 
complex normal bundle of the Reeb vector field ^, although its identifi- 
cation with (!D, J) is not canonical. We shall say that (M, ^, i'{3^^), J), 
or simply (M, ^, J), is a polarized Sasakian manifold. 

We define S(^, J) to be the subset of all structures (^, fj, $, g) in §(^) 
such that the diagram 

TM ^ TM 
(6) Ittu Uu 

commutes. This set consists of elements of §(.^) with the same trans- 
verse holomorphic structure J, or more precisely, the same complex 
normal bundle (z/(3^^), J). We have [3] 

Lemma 3.1. The space S(^, J) of all Sasakian structures with Reeb 
vector field ^ and transverse holomorphic structure J is an affine space 
modeled onlc^{M)/R)x{C^{M)/m)xH\M,Z). Indeed, %f{^,rj,<^,g) 
is a given Sasakian structure in S(^, J), any other Sasakian structure 
{C,,fj,^,g) in it is determined by real valued basic functions if and if) 
and integral closed 1-form a, such that 

fj = T] + d'^if + dip + i{a) , 
$ = $ - (^ (g) (r] - r/)) o $ , 
g = d?] o (11 (g) $) + f/ (g) ?7 , 

where d" = ^(d-d), and i : H\M,Z) ^ H\M,R) = H^^!;) is the 
homomorphism induced by inclusion. In particular, dfj = drj + idd(f. 

The complex structure defining the operators d and d in this Lemma 
is J, as basic covariant tensors on M define multilinear maps on z^(5^t). 
We think of these as tensors on a transversal Kahler manifold that 
does not necessarily exist. Be as it may, the cohomology class of the 
transverse Kahler metrics arising from elements in S(^, J) is fixed, and 
it is natural to ask if there is a way of fixing the afiine parameters ip 
and ip also, which would yield then a canonical representative of this 
set. We proceed to discuss and answer this problem. 

We start by introducing a Riemannian functional whose critical point 
will fix a canonical choice of metric for structures in S(^, J). This, in 
effect, will fix the desire preferred representative that we seek. 
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We denote by 97l(^, J) the set of all compatible Sasakian metrics 
arising from structures in §(^, J), and define the functional 

27l(e,J) -^ M, 

9 ^ / Sgdfig, 

J M 

the squared L^-norm of the scalar curvature of g. 

The variation of a metric in 2)T(^, J) depends upon the two affine 
parameters of freedom ip and ip of Lemma [3?T1 However, the transversal 
Kahler metric varies as a function of ip only, and does so within a 
fixed basic cohomology class. The critical point of ([7j), should it exist, 
will allow us to fix the parameter ip since, not surprisingly, it shall be 
determined by the condition that dfj = drj+iddip be an extremal Kahler 
metric [9] on D. The remaining gauge function parameter ip represents 
nothing more than a change of coordinates in the representation of the 
form fj of the Sasakian structure in question. Thus, the finding of a 
critical point of E produces a canonical representative of S(^, J). 

3.1. Variational formulae. In order to derive the Euler-Lagrange 
equation of ([7]), we describe the infinitesimal variations of the volume 
form, Ricci tensor, and scalar curvature, as a metric in 9Jl(^, J) is de- 
formed within that space. 

We begin by recalling that the Ricci form p of a Sasaki structure 
(^, ?7, $, g) is defined on 2) by the expression 

Pg{X,Y)=RlCg{jX,Y). 

This is extended trivially on the characteristic foliation L^, and by 
Proposition 12. 3[ we easily see that 

(8) p, = pj-2rfr7, 

where p^ denotes the form arising from the Ricci tensor of the transver- 
sal metric, a basic two form that we think of as a J-invariant two tensor 
in z^(9^g). Thus, pg induces a well defined bilinear map on viS^^) that is 
J-invariant. 

Though the notation suggests so, it is not the case that the trace 
of the form ([8]) yields the scalar curvature of g. This form only en- 
codes information concerning second covariant derivatives of g along 
directions in i'{'3^^)- 

Proposition 3.2. Let {C,,r]t,^t,gt) be a path in S(^, J) that starts at 
(^,?7, $,(7) when t = 0, and is such that drjt = df] + tidd(p for cer- 
tain basic function ip, and for t sufficiently small. Then we have the 
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expansions 

d^it = (l-|ABy;))t//i + 0(t2), 

pt = p- tidd (|Ab<^ + ^)+ 0{t^)^ 

s^ = s^-2n-t{^Alip + 2{p'',tddip))+Oit^), 

for the volume form, Ricci form, and scalar curvature of gt, respec- 
tively. Here, the geometric terms without sub-index are those corre- 
sponding to the starting metric g, and A^ is the Laplacian acting on 
basic functions. 

Proof. By Lemma 13.11 there exists a function ip such that 

Since ip and ip are both basic, we have that dpt = ^Vt ^ {drjt)^ = 
rj A {drjt)"', and we obtain 

dpt = ^r]A [dr] + tiddly = dp+ , * ^ n A {dT])''-^ A idd^ + 0{t^) . 
n\ [n — 1)\ 

Now, uob = dr], the Kahler form of the induced metric on D, is basic. 
We then have that *B{^B)"'^^/{n — 1)' = ^b, and conclude that 

t 



dpt= il-^ABPJdp + 0{t^). 

By (jH]) , we may compute the variation of p by computing the varia- 
tion of p'^ . This is well known to be 



pJ = p^ + Udd{As^)+0{t'). 
Since drjt = drj -\- tidd(p, we obtain 

Pt = p + tidd O^^bv + vj+ o{f) , 

as stated. 

Finally, by Proposition 12. 31 once again, we have that the variation of 
the scalar curvature arises purely from the variation of its transversal 
part. Since the transversal metric is Kahler, we obtain 

st = s-t Qa|(^ + 2(p^, idd^)\ + 0(t2) . 

as desired. D 

Remark 3.3. The forms p^ and idd^p are basic. Hence, the metric 
pairing of these forms that appears in the Proposition above involves 
only the transversal metric. On the other hand, in view of the analo- 
gous variational formulae in the Kahler case [34], we might think that 
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the expression for pt above is a bit strange. We see that this is not so 
if we just keep in mind that the Sasakian pg encodes i/(?'^)-covariant 
derivatives information only. 

3.2. Euler-Lagrange equations. Associated to any Sasakian struc- 
ture {^,ri,^,g) in S(^, J), we introduce a basic differential operator 
Lg, of order 4, whose kernel consists of basic functions with transverse 
holomorphic gradient. 

Given a basic function y9 : M i— > C, we consider the vector field d'^if 
defined by the identity 

(9) g{d*^,-) = dv. 

Thus, we obtain the (1,0) component of the gradient of (p, a vector field 
that, generally speaking, is not transversally holomorphic. In order to 
ensure that, we would need to impose the condition dd'^ip = 0, that is 
equivalent to the fourth-order equation 

(10) idd*ydd*ip = Q, 

because (y?, {dd*ydd*^)L2 = \\dd*y^\\l2. 
We have that 

(11) L^ip := {dd*ydd*^ = \{Al^ + 4(p^, tddip) + 2{ds^)_ld*ip) . 

4 

The functions on M that are transversally constant are always in the 
kernel of L^ . The only functions of this type that are basic are the 
constants. Thus, the kernel of Lg has dimension at least 1. 

Proposition 3.4. The first derivative of E at g G 2)T(^, J) in the 
direction of the deformation defined by {(f, ip) is given by 

jE{g,) |,=o= -4 1 {s^ - 2n) {{dd*rdd*v) dp. 

Proof This result follows readily from the fact that s = s"^ — 2n, the 
variational formulae of Proposition 13.21 and identity (TTT]) . D 

As a corollary to Proposition 13. 4[ we have: 

Theorem 3.5. A Sasakian metric g G 2?t(^, J) is a critical point of 
the energy functional E of ^ if the basic vector field dfs^ = dfs 



IS 



transversally holomorphic. 

We are thus led to our fundamental definition: 

Definition 3.6. We say that S = {^,ri,^,g) is a canonical repre- 
sentative o/§(^, J) if the metric g satisfies the condition of Theorem 
13. 5|. that is to say, if, and only if, g is transversally extremal. 



canonical sasakian metrics 13 

4. Transformation groups of Sasakian structures 

In this section we discuss some important transformation groups 
associated to Sasakian structures, and their corresponding Lie algebras. 

Let us begin with a CR structure (T), J) of Sasaki type on M. If 
?7 is a contact form, we have the group Con(M, D) of contact diffeo- 
morphims, that is to say, the subgroup of the diffeomorphisms group 
S)iff (M) consisting of those elements that leave the contact subbundle 
T> invariant: 

(12) iton{M, V) = {4>e Diff(M) | ^*r] = Ur] , U ^ C~(Af )*} . 

Here, C°°{M)* denotes the subset of nowhere vanishing functions in 
C°°{M). The dimension of the group so defined is infinite. 

We may also consider the subgroup Con{M, r]) of strict contact trans- 
formations, whose elements are those (p G €on{M, D) such that f^ = 1: 

e:on(M, r^) = {0 e Diff (M) | ^*ri = 7]} . 

This subgroup is also infinite dimensional. 

The Lie algebras of these two groups are quite important. The first 
of these is the Lie algebra of infinitesimal contact transformations, 

(13) con(M, 'D) = {X edt (M) | £x7] = a{X)r] , a{X) G C°°{M)} , 

while the second is the subalgebra of infinitesimal strict contact trans- 
formations 

(14) con(M, r/) = {X G 9£ (M) I £xr/ = 0} . 

If we now look at the pair (D, J), we have the group of CR auto- 
morphisms of (2), J), defined by 

(15) (Em{M, D, J) = {(f)e €on{M, 1)) \ (j),J = J0 J . 

This is a Lie group [13]. Its Lie algebra cr(M, D, J) can be characterized 
as 

(16) cr(M, D, J) = {X e con(M, D) | £xJ = 0} . 

Notice that in this defining expression, £xJ makes sense even though 
J is not a tensor field on M, the reason being that the vector field X 
leaves 2? invariant. 

Let us now consider a Sasakian structure S = (^,77, $,(7) with un- 
derlying CR structure {"D^J). We are interested in the subgroup of 
!Diff(M) that leaves the tensor field $ invariant. So we define 

(17) ©$ = {0 G Diff(M) : 0, o $ = $ o 04 . 
We also have 

^0[(M, ^5) = {0 G Diff(M) : <f),3^^ C ^J , 
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the subgroup of S}iff(M) that preserves the characteristic fohation of 
the Sasakian structure S. 

In order to simphfy the notation, we will often drop M from the 
notation when referring to these various groups and algebras. 

Lemma 4.1. Let {T),J) be a strictly pseudo-convex CR structure of 
Sasaki type on M, and fix a Sasakian structure S = {C,,rj,^,g) with 
underlying CR structure (D, J). Then 

Proof. If G 6$, the identity 77 o $ = implies that preserves 
D. If X is a section of D, then we have that 0^,J(X) = 0*$(X) = 
<l>(0*X) = J(0*X), which implies that e (2:iH(D, J). But we have 
0*$(O = = $(0*0 also, which implies that G ^ol{3'^). 

Conversely, suppose that G £91(2), J) n^o[(?'g). Then leaves all 
three D, 3"^, and J invariant, and therefore, it preserves the splitting 
([T]). Since the relation between J and $ is given by 

, . ^/x-N f J(X) if X is a section of 2) , 

(18) $(^) = | oifx = e, 

in order to conclude that G (5$, it suffices to show that 0*$(O = 
$(0^,0- But this is clear as both sides vanish. D 

Since ©$ is closed in the Lie group €Dl(Ti, J), it is itself a Lie group. 
Generally speaking, the inclusion ©$ C C!:1H(D, J) is strict, and the 
group ^ol{M,3^^) is infinite dimensional. 

The automorphism group 2lut(5) of the Sasakian structure S = 
(^, rj, $, g) is defined to be the subgroup of Diff (M) that leaves all 
the tensor fields in (^, rj, $, g) invariant. It is a Lie group, and one has 
natural group inclusions 

(19) 2lut(5) C 6$ C C9^(D, J) 

whenever the CR structure (2), J) is of Sasaki type, and S has it as its 
underlying CR structure. 

The Lie algebras of 6$ and 5^0 1(5"^) are given by 

(20) s<i. = {X G Se (M) I £x^ = 0} , 
and 

(21) fo[(?'5) = {X G SG (M) I [X, ^] is tangent to the leaves of J'J , 

respectively. The latter is just the Lie algebra of foliate vector fields 
of the foliation 3^^. On the other hand, we may restate the defining 
condition for s<j, as 

X G s$ ^^ [X, ^Y)] = <I>([X, Y]) for all Y , 
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and we can see easily that 

(22) s$ = cr(2), J)nfol(9^g). 

We can characterize now CR structures of Sasaki type in terms of 
their relations to the Lie algebras above. 

Lemma 4.2. Let {T), J) be a strictly pseudoconvex CR structure on 
M, and let r] be a compatible contact form representing T), with Reeb 
vector field ^. Define the tensor field $ by Equation flTSj) . Then (2), J) 
is of Sasaki type if and only if, ^ G ctiV, J). 

Proof. Given a strictly pseudoconvex CR structure (2), J), with con- 
tact l-form rj that represents 2), and Reeb vector field ^, we consider 
the (1,1) tensor field $ defined by (TTSl) . By Proposition 3.5 of [2J, 
(^, rj, <l>) defines a Sasakian structure if, and only if, the CR structure 
is integrable and £^^ = 0. Since (^ is a foliate vector field, the condition 
that ^ G cr(D, J) ensures that ^ G s$, and the result follows. D 

For any strictly pseudoconvex CR structure with contact l-form rj, 
the Reeb vector field ^ belongs to con(M, r^). Therefore, if .^ ^ 5$, the 
structure S = {^,r], ^,g) is Sasakian, and ^ G aui(5). 

The study of the group €Sfi{1), J) has a long and ample history [3S1 
[25| [33] ■ We state the most general result given in [3.3J. This holds for 
a general CR manifold M, so we emphasize its consequence in the case 
where M is closed. 

Theorem 4.3. Let M be a2n + l dimensional manifold with a strictly 
pseudoconvex CR structure (2), J), and CR automorphism group G. If 
G does not act properly on M , then: 

(1) If M is a non-compact manifold, then it is CR diffeomorphic to 
the Heisenberg group with its standard CR structure. 

(2) If M is a compact manifold, then it is CR diffeomorphic to the 
sphere S^n+i ^^^^/^ j^f-g standard CR structure. 

In particular, if M is a closed manifold not CR diffeomorphic to the 
sphere, the automorphisms group of its CR structure is compact. 

We recall that the inclusion 2lut(>S) C €^{1), J) (see ([19])), generally 
speaking, is proper. However, we do have the following. 

Proposition 4.4. Let (2), J) be a strictly pseudoconvex CR structure 
on a closed manifold M , and suppose that (D, J) is of Sasaki type. 
Then there exists a Sasakian structure S = (^, rj, $, g) with underlying 
CR structure {T>,J), whose automorphism group 2tut(iS) is a maxi- 
mal compact subgroup of C^£H(M, 2), J). In fact, except for the case 
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when (M, D, J) is CR diffeomorphic to the sphere S"^"-^^ with its stan- 
dard CR structure, the automorphisms group 2lut(5) of S is equal to 

Proof. Let G be a maximal compact subgroup of C^9^(!D, J). By 
Theorem SSI we have that G = €9^(2), J) except when (M, D, J) is CR 
diffeomorphic to the sphere S^"+^. Let S = {C,,fj,^,g) be a Sasakian 
structure with underlying CR structure (D, J). 

If G G, then (j)*fj = ffj for some nowhere vanishing real-valued 
function /. By averaging fj over G, we obtain a G- invariant contact 
form 1] with associated contact structure 2). Let ^ be its Reeb vector 
field. As ^ is uniquely determined by r], we conclude that 0=,,^ = ^. We 
then define a (1, l)-tensor $ by the expression in (fT8l) . The conditions 
0*J = J0* and 0*^ = ^ imply that 0*$ = $0*. The triple (^,77,$) 
defines a Sasakian structure S, and G 2lut(5). D 

We now look at the case where the manifold M is polarized by [C,, J). 
Then, (i/(?'^), J) is a complex vector bundle, and any G ^o[(M, 5"^) 
induces a map 0* : i^{3^^) — > i^(9^^)- We define the group of transversely 
holomorphic transformations S)^{^, J) by 

(23) f)^(e, J) = {(l)e 5o[(M, 9^^) I 0, o J = J o J. 

Since a 1-parameter subgroup of any smooth section of L^ induces the 
identity on i'{3^^), this group is infinite dimensional. We are mainly 
interested in the infinitesimal version. Given a choice of 5 = (^, t], $, g) 
in S(^, J), (//(IFg), J) is identified with the underlying CR structure 
(D, J). In this case, we may use the decomposition ([1]) to write any 
vector field as 

(24) X = X^ + c{X)^, 

which defines the component function X ^-^ c(X) := f]{X), and the 
class X on 1^(3^5) defined by the vector field X is represented by X-p- 
The Lie bracket operation induces a bilinear mapping on 1^(9^^) by 



[X,Y]:=[X,Y]. 

This operation allows us to generalize the notion of transversally holo- 
morphic vector field already encountered in §3.2[ 

Definition 4.5. Let {M,C,,J) be a polarized Sasakian manifold. We 
say that a vector field X is transversally holomorphic if given any 
section Y of v{3^^), we have that 



[X,JY] = J[X,Y]. 
The set of all such vector fields will he denoted by f)"^(^, J). 
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It is now desirable to express the defining condition for X to be in 
[)-^(^, J) in terms intrinsic to X itself. The reader may consult [7] for 
relevant discussions. 

Lemma 4.6. Let {M,C,,J) be a polarized Sasakian manifold. If X & 
i)^{^, J) is a transversally holomorphic vector field, for any Sasakian 
structure {^,ri,^,g) G §(^, J) we have that 

Proof. We have that 

i£x^){Y) = [X,^Y)]-mX,Y]), 
which implies that c((£x$)(>")) = r7([X, $(F)]). Thus, 
{£x^){Y) = {{£xmY)h + V{[X, HYM ■ 

The result follows after simple considerations. D 

The set [)^(^, J) is a Lie algebra contained in fol(M, 9^^). If we repre- 
sent (//(J"^), J) as (D, J) for a choice of 5 = (^, rj, $, g) in §(,^, J) with 
underlying CR structure (D, J), by the decomposition 1^^ we see that 
for a transversally holomorphic vector field X we have that 

[Xi,,j(Fi,)]d = J([Xi,,rB]i,), 

for any vector field Y. Thus, Xxi preserves the transverse complex 
structure J. This characterization can be reformulated by saying that 
if X G i)^{^, J), the vector field of type (1, 0) given by 

(25) Ex = ^{X^-tJ{X^)) 

is in the kernel of the transverse Cauchy-Riemann equations. Thus, 
the mapping into the space of sections of i^{3^^) given by 

f)^(e,J) - r(Kjrc)) 



(26) 



X ^ X 



has an image that can be identified with the space of sections of (D, J) 
satisfying the Cauchy Riemann equations, there finite dimensional. We 
denote this image by ()^(^, 5'^)/L^. 

Their one dimensional foliations made Sasakian manifolds a bit spe- 
cial. In particular, they carry no non-trivial parallel vector field (see 
[3]). For by a result of Tachibana, any harmonic one form must anni- 
hilate the Reeb vector field ^, and so any parallel vector fields X must 
be orthogonal to ^, that is to say, it must be a section of T). But then, 
since the metric is covariantly constant and ^ is Killing, we must have 
that = Vyc/(C,X) = g{(l>{Y),X) for all Y, which forces X to be 
identically zero. 
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Remark 4.7. Notice that for any Sasakian structure with underlying 
CR structure (2), J), the Lie algebra cx:{'D,r]) is reductive. For either 
CDl^D, J) is compact, or cr(!D, rj) = su(n+l, 1). In particular, let (A^, u) 
be a Kahler manifold, and consider the circle bundle ir : M ^ N with 
Euler class [u]. Then M has a natural Sasakian structure {^,ri,^,g) 
such that 7T*uj = drj. Then the horizontal lifts of non-trivial parallel 
vector fields in (A^, uo) are holomorphic but not parallel on M. On the 
other hand, if we take a holomorphic field that lies in the non-reductive 
part of the algebra of holomorphic vector fields of iV, its horizontal 
lift is a transversally holomorphic vector field that does not lie in the 
reductive component of the algebra ()^, and thus, it cannot possibly 
leave the contact subbundle D invariant. D 

If X G [)^(^, J), given any real valued function /, X + /^ G [)"^({, J) 
also, and so, f)"^(.^, J) cannot have finite dimension. The remark above 
alludes to the special structure that i)^{C,,J)/L^ has, and in fact, we 
are now ready to extend to the Sasakian context a result of Calabi 
jlOj on the structure of the algebra of holomorphic vector fields of a 
Kahler manifold that carries an extremal metric. Calabi's theorem is, 
in turn, an extension of work of Lichnerowicz [21] on constant scalar 
curvature metrics, and the latter is itself an extension of a result of 
Matsushima [29] in the Kahler-Einstein case. We also point the reader 
to the theorem for harmonic Kahler foliations in [31] , which is relevant 
in this context. 

Consider a Sasakian structure {^,ri,^,g) in §(^, J). Let "Kg be the 
space of basic functions in the kernel of the operator L^ in ( ITTj) . and 
consider the mapping 

(27) 9f :J{f-He,J)/^0 

where df is the operator defined in (Q. We use the Sasakian metric g to 
identify the quotient space in the right side above with the holomorphic 
vector fields that are sections of (D, J), which we shall refer to from 
here on as f)(^,D, J). The notation for this Lie algebra is a bit non- 
standard in that [)(^, D, J) depends on ^ or rather on the foliation 3^^ 
and are holomorphic sections of D with respect to J. It should be 
noted, however, that while elements in [)(^, D, J) leave both 3^^ and J 
invariant, they do not necessarily leave D invariant. 

We also define the operator Lg on !K^ by L^ip = L^^. It follows 
that 

(28) (If - Lf )y, = dfsg^d^ - df^^dsg , 
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where Sg is the scalar curvature of g. The fact that Sg is a basic function 
imphes that dfsg is a (1,0) section of (D,J). The identity above 
imphes that L^ and L^ coincide if Sg is constant. If the metric g is 
canonical, then we have that dfsg G t)(^,D, J), and the operators L^ 
and L^ commute. 

The image ()o = ?{f /C of the mapping (EZD is an ideal in ()(^, D, J), 
and can be identified with the space of holomorphic fields that have 
non-empty zero set. The quotient algebra ()(^, D, J)/l)o is Abelian. We 
also denote by aut(J, (^t) the Lie subalgebra of P)-^(^, 1/(5"^)) that are 
holomorphic Killing vector fields of the transverse metric gx, that is 

(29) aui{J,gT) = {XeH^,'D,J) \ £xgT = 0}. 

Suppose now that (^, r], $, g) is a canonical representative of S(^, J), 
so that g is Sasaki extremal. Let 30 be the image under df of the 
set of purely imaginary functions in IK^. This is just the space of 
Killing fields for the transversal metric (/"^ that are of the form JVgTip, 
(f G "Kg . Furthermore, by (!28l) we see that the complexification 30 ©-^3o 
coincides with the commutator of dfsg-. 

30 © J30 = {Xe \){i, D, J) : [X, dfsg] = 0} . 

Theorem 4.8. Let (M, ^, J) fee a polarized Sasakian manifold. Suppose 
that there exists a canonical representative {C,,T],^,g) ofS{^,J). Let 
"Kg be the space of basic functions in the kernel of the operator L^ in 
( ITTj) . and let f)o be the image of the mapping (!27j) . Then we have the 
orthogonal decomposition 

()^(e,J)/L5 = [)(e,2),J) = a©[)o, 

where a is the algebra of parallel vector fields of the transversal metric 
g^ . Furthermore, 

f)o = 3o © Jdo © (©A>ol)^) , 

where 30 is the image of the purely imaginary elements of "K^ under 
df, and i)^ = {X e i)'^{^,J)/L^ : [X,d*Sg] = \X}. Moreover, 30 is 
isomorphic to the quotient algebra aut(^, rj, <l>, g)/{^}, so the Lie algebra 
aui{J,gT) of Killing vector fields for the transversal metric g^ is equal 
to 

aut( J, ^r) = a © 3o = a © aut(e, v, ^, 9)1 H) ■ 

The presence of the algebra a above does not contradict the fact 
that there are no non-trivial parallel vector fields on a closed Sasakian 
manifold: a vector field can be parallel with respect to g^ without 
being parallel with respect to g. 
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Proof of Theorem \A.8[ We prove the last statement first. In order to 
see this, we notice that there is an exact sequence [3] 

(30) ^ {O ^ aut(e, V, ^, g) ^ aut( J, gr) ^ Hl{'J^) , 

where H\{3^^) denotes the basic cohomology associated to the charac- 
teristic fohation 3^^. Using the identification of aut( J, qt) with elements 
in ()(^, 2), J), let us describe the map 5. Since X G aut(J, ^^t) it leaves 
drj invariant, so the 1-form XAdr] is closed and basic. It, thus, defines 
an element in H]^{3^^). So we can define 5{X) = [X_idri]B. Now the 
section X G aut(J, (^r) can be extended to an element X = X + aC, & 
aut(^, ri,^,g) if, and only if, the basic cohomology class [X_idri]B van- 
ishes, and this determines a up to a constant. By Hodge theory and 
duality, the image of 6 can be identified with the Lie algebra of parallel 
vector fields in aut(J, (7^). The splitting then follows as in the Kahler 
case [lOj . 

For the first part of the theorem we sketch the main points, as the 
argument is an adaptation to our situation of that in [10]. Given a 
section X in f)(^,!D, J), we look at the Hodge decomposition of the 
(0, l)-form that corresponds to it via the metric g^ . It is 9-closed, 
and both, its harmonic and d components, are the dual of holomorphic 
fields. The vector field dual to the harmonic component is (yf-^-parallel. 

Since g^ is an extremal metric, the operators L^ and Lg com- 
mute. We then restrict Lg to the kernel of Lg, and use the resulting 
eigenspace decomposition together with the identity (128|) to derive the 
remaining portion of the theorem. D 

Remark 4.9. This result obstructs the existence of special canonical 
representatives of a polarized Sasakian manifold in the same way it does 
so in the Kahlerian case. For instance, let {N,uj) be the one-point or 
two-points blow-up of CP^, and consider the circle bundle vr : M — >■ iV 
with Euler class [u]. If M is polarized by its natural Sasakian structure 
(^, ?7, $, g), the one where 7i*u! = dr], then S(^, J) cannot be represented 
by a Sasakian structure (^, fj, $, g) with g a metric of constant scalar 
curvature. The structure of [)^(^, J)/L^ would obstruct it. D 



5. A Sasaki- FuTAKi invariant 

Let (M, ^, J) be a polarized Sasakian manifold. Given any structure 
(^, T], $, g) G S(^, J), we denote its underlying CR structure by (D, J). 
The metric g is an element of OJt(^, J) whose transversal Ricci form p^ 
is basic. We define the Ricci potential ipg as the function in the Hodge 



CANONICAL SASAKIAN METRICS 21 

decomposition of p^ given by 



P^ = Ph+ ^ddipg , 



where pi is the harmonic representative of the fohated cohomology 
class represented by p^. Notice that if Gj is the Green's operator of 
the transversal metric, we have that 

^, = -Gj(sJ) = -Gj(sJ - 2n) = -G^is,) = -Gis, - .,,0) , 

where Sg and Gg are the scalar curvature and Green's operator of g, 
and Sg^o is the projection of Sg onto the constants. The sequence of 
equalities above follows by (c) of Proposition 12. 3[ which implies that 
Sg = s^ — 2n is a basic function. Thus, the Ricci potential ipg is itself 
a basic function. 

On f}"^(^, J), we define the function 



X^ J X{i,g)dpg. 



Since ipg is basic, the integrand in this expression can be fully written 
in terms of the transversally holomorphic realization Sx (see (l25ll ) of 
X. 

Proposition 5.1. The mapping above only depends on the basic coho- 
mology class represented by drj, and not on the particular transversal 
Kdhler metric induced by g & 9Jt(^, J) that is used to represent it. 

Proof. We take a path gt in 3Jt(.^, J) starting at g for which the 
transversal Kahler form is of the form 

drjt = drj + tiddip , 

with the afiine parameter ip a basic function. From the identity A^ipg = 

P — _Q \Arp Rpp tViflt tVip varifltinn ?/)_ nf ?/;_ RfltiRfipR tVip rplatinn 



s^Q — s"^, we see that the variation ipg of ipg satisfies the relation 



2{tddip, tdd^g)g + An^g = -s^ = ^Alif + 2(p^, iddip)g . 

Hence, 

If. 1 _ 

V's - - / i^gdPg = -Ab^ + 2G^{pI, iddip)g , 

where v is the volume of M in the metric. 

Since p^ is harmonic, the last summand in the right side can be writ- 
ten as —2G^{d*{d (ippf^))). For convenience, let us set /3 = (9 {(fPh). 
Hence, 



d_ 
It 



Xii;t)dpg, = j X (^-AbV - 2Gj(9*/?)) - \i^ABv\ dpg . 
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By the Ricci identity for the transversal metric, we have that 



-(Ab^). = -^,,J + ^,,(^, J + (r^) J) = -^,,J + ^,,^,J + P. 



1 

2 
and so, after minor simpUfications, we conclude that 



— / X{lpt)dfXg, = Ex {^,y1pa - ^,yay dfXg + 



where Ex is the (l,0)-component of Xxi (see (125!)). 

The first summand on the right above is zero because Ex is holo- 
morphic. This is just a consequence of Stokes' theorem. The second 
summand is also zero since we have 

JE''x{(3^-2{Ggd*(3)^o)d^ig = f{(3-ABG^(3,E^x)df^g + 



{2d*dG^f3,E'x)d^i^ 



g ' 



and P — AbG'^t] = while dE^^ = 0- Here, of course, S^ is the 
(0, l)-basic form corresponding the (1, 0)-vector field Ex- □ 

We may then define the transversal Futaki invariant ^ = d{^.j) of 
the polarized Sasakian manifold (M, ^, J) to be the functional 

^31) ^(X) = / X{^g)df,g = - [ X{G^S^)df,g , 

Jm Jm 

where g is any metric in 9Jl(^, J). The Proposition above shows that ^ 
is well-defined, as this expression depends only on the basic class [dt]] 
of a Sasakian structure (^,77, $,(;) in S(^, J), rather than the specific 
Sasakian structure chosen to represent it. 

It is rather obvious that ^{X) = ^{X'n), and the usual argument in 
the Kahler case implies also that 5([X, F]) = for any pair of vector 
fields X, Y in f)^. 

Our next proposition extends to canonical Sasakian metrics a now 
well-known result in Kahler geometry originally due to Futaki [17]. The 
Sasaki version here is analogous to the expanded version of Futaki's 
result presented by Calabi [TO] . 



Proposition 5.2. Let {C,,T],^,g) be a canonical Sasakian representa- 
tive o/§(^, J). Then, the metric g has constant scalar curvature if, and 
only if, g'(-) = 0. 
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Proof. In one direction the statement is obvious: a constant scalar 
curvature Sasakian metric has trivial Ricci potential function, and the 
functional (I3T]) vanishes on any X G f)^(^, J). 

In order to prove the converse, we first observe that if X G t)^(^, J) 
is a transversally holomorphic vector field of the form X = dff for 
some basic function /, then 

d{X) = -Jd*f{GgSg)dfig = -2 ^ (9/, 9G Js^ ) grf/i, 

because the scalar curvature Sg is a basic function also. Since 2d d = 
Ab, we conclude that 

d{d*f) = - J f{sg - Sg,o)dfig . 

Now, if the Sasakian metric g is a. critical point of the energy function 
ii^ in (jTj), then dfs = 9*s^ = dfsg is a transversally holomorphic 
vector field, and we conclude that 



d{d*S^) = -jiSg-Sg,0)'df^g 



Thus, if 5^( ■ ) = 0, then Sg must be constant. D 

A particular case of constant scalar curvature Sasakian metrics is the 
case of Sasakian ?7-Einstein metrics. These are Sasakian metrics g that 
satisfy 

(32) RiCg = \g + V7] ® 7] 

for some constants A and v. The scalar curvature Sg of these metrics 
is given by Sg = 2n(l + A). We refer the reader to [6], and references 
therein, for further discussion of these type of metrics. 

Corollary 5.3. Let {C,,''], $,(?) be a canonical representative o/S(^, J), 
and suppose that the basic first Chern class Ci{3^^) is a constant multi- 
ple, say a, of[dri]B. Then 

(1) lfa = 0, then (^, rj, $, g) is a null rj-Einstein Sasakian structure 
with A = —2, whose transverse metric is Calabi-Yau. 

(2) If a < 0, then {^,ri,^,g) is a negative rj-Einstein Sasakian 
structure with A < —2, whose transverse metric is Kdhler- 
Einstein with negative scalar curvature. 

(3) If a > 0, then (^,77, $,(?) is a positive rj-Einstein Sasakian 
structure with A > —2, whose transverse metric is positive 
Kdhler- Einstein if, and only if, the Futaki-Sasaki invariant ^^j 
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vanishes. Moreover, if ^^j vanishes, g G S[)T(^, J) is Sasaki- 
Einstein if, and only if, X = 2n. 

When an t] -Einstein metric exists, the relation 27ra = A + 2 holds. 

Proof. Parts (1) and (2) follow from Proposition 15.21 and Theorem 
17 of [6j. For (3) we notice that ii g is positive Sasakian ?7-Einstein, the 
result follows immediately from Proposition 15.21 Conversely, ii g is a 
canonical representative S(^, J) and 'S^j vanishes, its scalar curvature 
is constant. It follows that the scalar curvature of the transversal met- 
ric is constant also, and this implies that pg + 2dr] = p^ is transversally 
harmonic. As the latter form represents 27rci(5'g), which is also rep- 
resented by a constant multiple of dr], the uniqueness of the harmonic 
representative of a class implies that Pg + 2dri = p^ = 27radri for some 
a > 0. It then follows from this that the transverse Ricci tensor RIct 
satisfies Ric^ = 2'KagT. But then g is a, positive Sasakian ?;- Einstein 
metric, and it follows from Equation [32] that 2Tca = A + 2. D 

This Corollary applies whenever the first Chern class Ci(D) of the 
contact bundle is a torsion class. We mention also that one can always 
obtain a Sasaki-Einstein metric from a positive Sasakian ?7-Einstein 
metric by applying a transverse homothety. 

6. The Sasaki cone 

We have the following result for CR structures of Sasaki type on M, 
an immediate consequence of the argument in the proof of Lemma 14.21 

Proposition 6.1. Let (D, J) he a CR structure of Sasaki type on M, 
and let S = {^,r],^,g) be a contact metric structure whose underlying 
CR structure is (D, J). Then S is a Sasakian structure if and only if 
^e cx{V,J). 

We fix a strictly pseudoconvex CR structure (D, J) on M, and define 
the set 

, . „,^ J. _ ( S = {^,ri,^,g) : S a Sasakian structure 1 
^^^^ §(2), J)- I (kerr^,$ker,) = (2?,J) J' 

We think of this as a subspace of sections of a vector bundle, and 
provide it with the C°° compact-open topology. This set is nonempty 
if, and only if, (2), J) is of Sasaki type. 

Proposition 6.2. Let (D, J) be a CR structure of Sasaki type, and let 
So = {^o,Vo,%,go) e §p, J). IfS = {^,v,^,g) e S(D, J), we have 
that 77o(0 > 0> ^^'^ V 



miO ' 
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Proof. Using the canonical splitting ([T]), we write any 1-form t] as 
V = fVo + Q^; with 7^0 and a orthogonal to each other. As the kernels of 
7] and ?7o equal D, we must have a = 0. Since 77 is a contact form, the 
function / is nowhere vanishing, and since $ |xi= J = $0 Idj / must 
be positive. The result follows. D 

We thus see that the underlying CR structure fixes both, orientation 
and co-orientation of the contact structure. 

Definition 6.3. Let (2), J) be a strictly pseudoconvex CR structure of 
Sasaki type. We say that a vector field X G cr(!D, J) is positive if 
r]{X) > for anyS = (^,77,$,^) e §(D, J). We denote by cr+(2), J) 
the subset of all positive elements o/cr(!D, J). 

We consider the mapping l defined by projection, 

. . §(D,J) ^ cr+(D,J) 

By Proposition 16.21 we see that this mapping is injective. 
We have the following. 

Lemma 6.4. Let (2), J) be a strictly pseudoconvex CR structure of 
Sasaki type. Then 

a) cr"'"(!D, J) is naturally identified with §{T>, J), 

b) cr"'"(!D, J) is an open convex cone in cr(D, J), 

c) The subset cr+(D, J) is invariant under the adjoint action of 
the Lie group €Dl(T), J). 

Proof. In order to prove (a), we show that the map t in (1341) is surjec- 
tive. As in Proposition l6.2[ we fix a Sasaki structure Sq = {C,o, rjQ, $0, go) 
in §(!D, J). For ^ G cr+(I', J), we define a 1-form rj by 

Vo 

Then, ri{^) = 1, and since ^ G cr+(X', J), .^ leaves T) invariant. This 
implies that ^-idrj = f^rj = 0. Thus, C, is the Reeb vector field of r]. 
We then define $ by $ = $0 ~ "^0(0 ® V^ ^^^ ^ metric (7 by (jl]). The 
structure S = (^,77, ^,g) belongs to §(2), J), and thus, l is surjective. 

For the proof of (b), we observe that cr"'"(!D, J) is open and convex, 
and that if ^ G cr"'"(!D, J), then so is a^ for any positive real number a. 
Indeed, all of these follow by the defining condition of positivity of a 
vector field X in cr(!D, J). 

For the final assertion, we observe that for groups of transformations, 
the adjoint action is that induced by the differential. Thus, given 
G (tm{V, J) and ^ G cr+(2), J), we have that 7/0 (0*0 = (0*^o)(O = 
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fcpVoiO > fo^ some positive function f^, which shows that 0*^ G 
cr+p, J). Thus, cr+(2), J) is invariant. D 

Hereafter, we shall identify the spaces §{1),J) and cr^(D, J). We 
are interested in the action of the Lie group (^9^(1), J) on S(D, J) = 
cr+(D,J). 

Theorem 6.5. Let M be a closed manifold of dimension 2n + 1, and 
let (2), J) be a CR structure of Sasaki type on it. Then the Lie algebra 
cr(D, J) decomposes as ctiT), J) = ik + p, where tk is the Lie algebra 
of a maximal torus Tk of dimension k, 1 < k < n + 1, and p is a 
completely reducible Tk-module. Furthermore, every X G cr^(!D, J) is 
conjugate to a positive element in the Lie algebra i^. 

Proof. Let us assume first that M is not the sphere with its stan- 
dard CR structure. By Proposition 14.41 there is a Sasaki structure 
So G §(2), J) such that C1H(X', J) = 2lut(iSo), which is a compact Lie 
group. A well known Lie theory result implies that every element in 
the Lie algebra aut(iSo) is conjugate under the adjoint action of the 
group 2lut(iSo) to one on t^, and by (3) of Lemma WM the positivity is 
preserved under this action. The possible restriction on the dimension 
of the maximal torus of cr(D, J) is well-known in Sasakian geometry. 

In the case where (2), J) is the standard CR structure on the sphere, 
we know [36j that ^91(2), J) = §U(n+l, 1), and cr(D, J) = su(n+l, 1), 
which has several maximal Abelian subalgebras. A case by case analysis 
shows that the only Abelian subgroup where the positivity condition 
can be satisfied is in that of a maximal torus. (This can be ascertained, 
for instance, by looking at Theorem 6 of [I5].) D 

We wish to study further the action of the Lie group C9^(!D, J) on 
the space §(2), J). The isotropy subgroup of an element S G §(2), J) is, 
by definition, 2tut(5), and this contains the torus T^. More generally, 
we have 

Lemma 6.6. Let (2), J) be a CR structure of Sasaki type on M . For 
each S G S(D, J), the isotropy subgroup of C9^(2), J) at S is precisely 
2lut(iS). Furthermore, 



n 



2lut(5) = Tk . 

In particular, Tk is contained in the isotropy subgroup of every S G 
S(2D,J). 

Proof. It suffices to show that for the generic Reeb vector field 
2lut(iS) = Tk. So let ^ G ct"'"(2), J) be such that the leaf closure of 
5"^ is a /c-dimensional torus T^. Since the Reeb field is in the center of 
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2lut(5), continuity implies that all of T^ is in the center of 2tut(iS). But 

since the center is Abelian and T^ is maximal, the result follows. D 

We are interested in the orbit space S(D, J)/€Dl(T), J). We have 

Definition 6.7. Let (2), J) be a CR structure of Sasaki type on M. 
We define the Sasaki cone k{T), J) to be the moduli space of Sasakian 
structures compatible with (T), J), 

fi:(D,J) = §{V,J)/(E.9\{V,J). 

Theorem 16.51 together with the mapping fl34l) says that each orbit 
can be represented by choosing a positive element in the Lie algebra ik 
of a maximal torus T^. We denote the subset of positive elements by 
t^, so we have an identification t^ = t^ fl cr+(I', J) ~ k(T), J). 

Now the basic Chern class of a Sasakian structure S = {^,ri,^,g) 
is represented by the Ricci form p^/27r of the transverse metric qt 
(up to a factor of 27r). Although the notion of basic changes with the 
Reeb vector field, the complex vector bundle D remains fixed. Hence, 
for any Sasakian structure S G S(D, J), the transverse 2-form p^/27r 
associated to S represents the first Chern class ci(D) of the complex 
vector bundle T). 

It is of interest to consider the case where k = 1, that is to say, the 
case where the maximal torus of 2^9^(2), J) is one dimensional. Since 
the Reeb vector field is central, the hypothesis that k = 1 implies 
that dimaut((S) = dimcr(D, J) = 1. Hence, we have that S(D, J) = 
cr"'"(D, J) = if = M"*", and §(2), J) consists of the 1-parameter family 
of Sasaki structures given by Sa = {^a, Va, ^a, da), where 

(35) ^a = a'^^ , r]a = ar], $„ = "^ , ga = ag + {a^ - a)ri ®ri , 

and a G M'*', the 1-parameter family of transverse homotheties. 

In effect, the homotheties described above are the only deformations 
{C,t,Vt,^t,gt) of a given structure S = {^,ri,^,g) in the Sasaki cone 
K^D, J) where the Reeb vector field varies in the form ^t = ftC^ ft 
a scalar function. For we then have that the family of tensors $( is 
constant, and since £^t^t = 0, we see that ft must be annihilated by 
any section of the sub-bundle 1). But then ([2]) implies that dft = iCft)Vy 
and we conclude that the function ft is constant. Thus, in describing 
fully the tangent space of S(D, J) at S, it suffices to describe only 
those deformations {^t,Vty ^t,gt) where ^ = dt^t \t=o is ^f-orthogonal to 
^. These correspond to deformations where the volume of M in the 
metric gt remains constant in t, and are parametrized by elements of 
6(2), J) that are gf-orthogonal to ^. 

The terminology we use here is chosen to emphasize the fact that 
the Sasaki cone is to a CR structure of Sasaki type what the Kahler 



28 C.P. BOYER, K. GALICKI, AND S.R. SIMANCA 

cone is to a complex manifold of Kaliler type. Indeed, for any point 
S = (^,?7, $,5f) in k{T>,J), the complex normal bundle (z/(5^^), J) is 
isomorphic to (2), J), and so is the underlying CR structure of any 
element of §(^, J). In this sense, the complex structure J is fixed with 
the fixing of (D, J), the Reeb vector field ^ polarizes the manifold, and 
the Sasaki cone k(!D, J) is the set of all possible polarizations. 

Definition 6.8. We say that (^,r],^,g) E k(T>,J) is a canonical 

element of the Sasaki cone if the space §(^, J) admits a canonical rep- 
resentative. We denote by t{T>, J) the set of all canonical elements of 
the Sasaki cone, and refer to it as the canonical Sasaki set of the 
CR structure (D, J). 

By the identification of k(D, J) with t^, the canonical Sasaki cone 
singles out the subset of positive Reeb vector fields ^ in t^ for which 
the functional ([71) admits a critical point. 

7. Openness of the canonical Sasaki set 

Given a canonical Sasakian structure (^, i], $, g) with underlying CR 
structure (2), J), its isometry group will contain the torus T^ of The- 
orem [631 In fact by Lemma [6. 6 [ for a generic element ^ E i^, T^ will 
be exactly the isometry group of g. Moreover, Theorem 14.81 says that 
the isometry group of the transversal metric g^ is a maximal compact 
subgroup G of the identity component of the automorphism group of 
the transverse holomorphic structure, and the reductive part of the Lie 
algebra i)'^{C,, J)/L^ consists of the complexification of the Lie algebra 
of all Killing vector fields for g^ that are Hamiltonian. If g is the Lie 
algebra of G and go is the ideal of Killing fields of g^ that have ze- 
roes, then 3o C go consists of sections of (D, J) that are Hamiltonian 
gradients, and these can be lifted to infinitesimal automorphisms of 
(^,?7, $,(/). Hence, these vector fields are the transversal gradients of 
functions in M that are T^-invariant, or to put it differently, they are 
generated by those elements of the Lie algebra tfc that correspond to 
transversal holomorphic gradient sections of (D, J). Thus, in searching 
for canonical representatives of elements of the Sasaki cone k^D, J), it 
will suffice to consider Sasakian structures that are invariant under T^, 
and then seek the canonical representatives among them. 

We denote by S(^, J)'^'= the collection of all Sasakian structures in 
S(^, J) that are T^-invariant, and by 07l(^, J)"^* the space of all Tj. 



k- 



invariant metrics in 97l(^, J). The observation made above indicates 
that, in order to seek canonical representatives of S(^, J), it would 
suffices to do so among metrics in 0K(^, 7)^*=. 
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Given (^,77, $,(7) G S(^, 7)^*=, we let Gg stand for the Green's oper- 
ator of g acting on functions. We consider a basis {Xi, . . . ,Xk_{\ of 
3o n tfc. Then the set of functions 

(oa^ Poig) = 1 

^ ' Pj{g) = 2zGgdl{{JX, + iX,)_\dv), j = l,...,k-l, 

spans the space of T^-invariant basic real-holomorphy potentials, real- 
valued functions solutions of equation fITOl) whose gf^-gradients are holo- 
Hiorphic vector fields. Since the argument function on which Gg acts in 
order to define Pj{g) is basic, we could have used the Green's operator 
of g^ above instead of Gg itself. 

Definition 7.1. We define 7Cg to be the L"^ -projection onto the space 
of smooth real holomorphic potential functions in ( l36l) . 



By Theorem 13.51 (^,77, $,(7) is a canonical representative of S(^, J) 
if and only if (1 — Tig)sg = 0, Sg the scalar curvature of g. 

We denote by L^ ^ j, the Hilbert space of of T^-invariant basic real- 
valued functions of class Lf. We consider deformations {^a,Va, ^a,ga) 
of (^,77, $,(yf) in the Sasaki cone k{1),J) where the Reeb vector field 
varies as ^^ = ^ + Q^- We require that a be in a sufficiently small 
neighborhood of the origin in cr(!D, J) so that C,a remains positive. For 
ip in a sufficiently small neighborhood of the origin in L^ i_^^rp , I > n, 
we then consider the deformations of {C,a, rja, $a, ga) in §(^a, J) to the 
Sasakian structure defined by 



Vct,ip 


= r]a + d^if , 


$a,^ = 


= $a - i^a ® iVa,^ - Va)) O $a , 


9a,ip - 


= dr]a,^o{l®^^^^)+ria,^0ric,,^. 



Here, for (a, (p) = (0, 0), we have that (^„, r/^,,^, ^a,^, 9a,v) = (^, V, ^, 9)- 
The restriction on / ensures that the curvature tensors of ga,ip are all 
well-defined because, under such a constraint, L\ ^ j, is a Banach alge- 
bra. 

We let IX C cr(!D, J) x L%i_^^j,^{M) be the open neighborhood of 
(0, 0) where the two-parameter family of deformations ga,if, of g is well- 
defined, and consider the scalar curvature map 

where s^^^ is the scalar curvature of the metric ga,^. 
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Proposition 7.2. Fori > n, the map ( 1371) is well-defined andC^ , with 
Frechet derivative at the origin given by 

1 



(38) DS, 



(0,0) 



-uAb (r7( ■ )) - 2 (^^ + 2^ ■ ^^^^) 



where the quantities in the right are associated to the transversal metric 
g^ defined by g, andr'^ ■'Vt^t denotes the full contraction of the Ricci 
tensor and two covariant derivatives of g^ . 

Proof. Notice that when deforming {C,,ri,^,g) to {C,,r],^,g) while 
preserving the underlying CR structure (D, J), the transversal Kahler 
form drj changes by the conformal factor /(^) = l/ri{C,). The first com- 
ponent of the Frechet derivative above follows via a simple calculation, 
after observing that the Ricci tensor of the transversal Kahler metric 
is computed in a holomorphic frame by — iSSlogdet [gj^)- The second 
component of the Frechet derivative follows by Proposition 13.21 D 

For any integer /, we let J; C L^ ^ j, denote the orthogonal comple- 
ment of the kernel of the operator L^ = {ddf)*ddg in flTTl) . and set 
V = IX n (cr(!D, J) X /fc+4), where XL is the neighborhood of (0,0) in 
cr(D, J) X L'^B,k+4,Tk i^ (133), shrunk if necessary so that 

ker(l - 7rg)(l - iig^J = ker(l - TCg^J 

whenever we have a Sasaki metric ga^ip of the type indicated above, 
parametrized by some (a, ip) G U. Here, iig is the projection onto the 
finite dimensional space of functions (136!) introduced in Definition 17.11 
It is clear that the range of this projection changes smoothly with the 
metric. 

Since a Sasaki metric g is canonical if, and only if, its scalar curvature 
is annihilated by the projection operator 1 — TCg, we introduce the map 

(^3g^) cr(D, J) X /,+4 D V ^ cr(D, J) x 4 

§(a,(^) := {a,{l-TTg){l-7rg^JS{a,ip)) ' 

where S(a, ip) is the map in (l37j) . 
We have the following. 

Lemma 7.3. Suppose that g is a canonical Sasaki metric representing 
the polarization of M given by (^, J), and that gt = gt,a,ip is a curve of 
Sasakian metrics of the type above that starts at g when t = 0, and is 
parametrized by {a,ip) G cx{1), J) x L^^.^rp . Then 



d 



.l--.)(^-.. 



Sg 



;i - TT,) [-2lGgd* {(via)) dSg) + (dSg^d*^)] 

t=0 

where Gg is the Green's operator of g. 
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Proof. The result is clear if the basic scalar curvature function Sg 
is constant. For the general case, we refer the reader to the original 
argument in [22] for the Kahler case (see also the significantly improved 
understanding, and related discussions, given in [35]). Its required 
extension follows by the observation that the transversal metric of g is 
deformed by the conformal factor l/r]{^t,a,^), as noted before. D 

Proposition 7.4. For I > n, the map ( !39l) is C^ with Frechet deriva- 
tive at the origin given by 
(40) 

^^(°'°)=(o l-nj [-nAB{v{■)) + 2^Gg^\{rJ{■))^Sg) -21^ 
where Lf = {dd*)*dd*. 

Proposition 7.5. Let M be a dosed manifold, and (D, J) be a CR 

structure of Sasaki type on it. Then the map $ defined in fl39l) becomes 
a diffeomorphism when restricted to a sufficiently small neighborhood 
of the origin. 

Proof. We apply the inverse function theorem for Banach spaces. 
Hence, we just need to prove that D§(o.o) has trivial kernel and cokernel. 

Suppose that (a,^?) is in the kernel of DS(o,o)- By f HOl) . we see that 
a = 0, and that 

(l-7r,)Lf^ = 0. 

It follows that L^^ = ( (9(9*)* 9(9* y) is a holomorphy potential, and 
consequently, it can be written as 



{dd*rdd*v = Y,c,f-^ 



in terms of an orthonormal basis of the space spanned by the functions 
in fl5B]) . If we take the inner product of this expression with P, and 
dualize the symmetric map (9(9*)*(99*, we see that Cj = 0. Thus, 
{dd*)*dd*ip = 0. But ip G /i+4, space orthogonal to the kernel of 
[Bd'^ydd*. So ip must be zero, and the kernel of -DS(o,o) consists of 
the point (0,0). 

Suppose now that {jS, ip) is orthogonal to every element in the image 
of Z^§(o,o)- Then, it must be orthogonal to the image of (0,^?) for any 
V? G I 1+4, and therefore, 

((1 - 7rg){dd*ydd*ip, ^) = {if, {dd*Ydd*{l - vr^)^) = 

for all such ip. It follows that the component of ((99*)*9(9*(1— vr^)?/' per- 
pendicular to the kernel of (99*)*95* is zero, and thus, ((9(9*)*99*(1 — 
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TTj,)'?/' = 'Yl^jfg- The same argument used above implies that Cj = 0, 
and so, (1 — 7ig)ip is the kernel of (99*)*99*. But the image of 1 — vr^ 
is orthogonal to this kernel. Hence, ip = 0. Using this fact, we may 
now conclude that P must be such that (/?, a) = for all a G cr(D, J), 
and so /3 = 0. The cokernel of -D§(o,o) is trivial. D 

We now prove the following result, analogous to the openness of the 
extremal cone in Kahler geometry [22] . 

Theorem 7.6. Let (D, J) be a CR structure of Sasaki type on M. 
Then the canonical Sasaki set t{1), J) is an open subset of the Sasaki 
cone k(D, J). 

Proof Let Vq C V be a neighborhood of (0, 0) G cr(I', J) x 1^+4 such 
that S |vo is a diffeomorphism from Vq onto an open neighborhood of 
the origin in crCD, J) x Ik. For any point a in S(Vo) fl (cr(D, J) x {0}), 
we define ip{a) to be the projection onto 1^+4 of (§ |vo)~^(a)- Then we 
have 

(a, 0) = S(a, ¥?(«)) = (a, (1 - ng){l - TTg^^^^Jsg^^^^^^) , 

where ga,^(a) is the deformation of the metric g associated to the pa- 
rameters (a, ^{oi)). Since the kernel of (1 — 7rg)(l — -Ug^ ) equals the 
kernel of 1 — tTq , ,, it follows that (1 — tTq , .)sa , , = 0. We then 
have that the scalar curvature of the Sasaki metric ga,^(a) is a holo- 
morphy potential, and so this metric is a canonical representative of 
S(,^ + a, J). This completes the proof. D 

Example 7.7. Let us take coordinates z = {zq, . . . , Zn) in C""^"*^, and 
consider the unit sphere 

g2n+l _ 1^ ^ ^n+1 . 1^1 _ ^1 _ 

If Zk = Xk+iyk is the decomposition of z^ into real and imaginary parts, 
then the vector fields Hk = iykdx,, — ^kdy^,), k = 0, . . . ,n, form a basis 
for the Lie algebra in+i = M*^"^^ of a maximal torus in the automorphism 
group U(ra + 1) of the standard Sasakian structure on S^""*"^. The latter 
is given by the contact form rj = '^2=oiykdxk — Xkdyk), Reeb vector 
field ^ = X]fc=o-^fc' ^^^ (1, l)-tensor $ defined by the restriction J 
of the complex structure on C^~^^ to 2) = kerr], and the fact that 
$(^) = 0. The ensuing compatible metric (jlj) defined by (^, r/, $) is the 
standard metric g on S^""*"^, which is Einstein with r^ = 2ng. Thus, 
the metric g yields a canonical representative of S(^, J). We have that 
the automorphism group of (^,77, $,(?) is U(n + 1). Its maximal torus 
%n+i has Lie algebra in+i with basis {Hq, . . . , Hn}. 

We now fix this CR structure (2), J) on S^""*"^, and consider the set 
§(T), J) of all Sasakian structures associated with it. A vector field X is 
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positive if, and only if, ri{X) > 0, and such a vector field is conjugate to 
a positive vector in the Lie algebra in+i- We use the basis {Hq, . . . , if„} 
to identify this Lie algebra with M"'"'"^, so the point w = {wq, . . . ,Wn) 
in R"+^ yields the vector C,w = Yl'^kHk- Then we have that 

n n 

V{iw) = '^'Wi{x'^i + yf) =^Wi\zi\'^, 

i=0 i=0 

and so, the set of positive elements of tn+i is just R""*"^. By Theorem 
[631 the Sasaki cone kCD, J) is equal to ]R"+^ If w G ]R"+\ this vector 
gives rise to the Sasakian structure {^w,v/v{^w),^w, dw), where $^ is 
defined by the conditions $^ |xi= J and $«,(^«,) = 0, respectively, and 
g^j is determined by the expression (jlj) in terms of ^^, ri/ri{^^) and $^. 
For any w G Z""^^, the Sasakian structure {^w,v/v{^w),^w, dw) is 
quasi-regular, and its transversal is a manifold with orbifold singulari- 
ties, the weighted projective space CP^. The space of metrics Tl{^w, J) 
associated with the polarized Sasakian manifold (S^*^"*"^,^^, J) has a 
representative Quj whose transverse Kahler metric g'^ is Bochner flat [8] 
on CP^, and thus, extremal. Computing in an afiine orbifold chart, it 
can be determined [TB] that the scalar curvature of g'^ is given by 






s„T=4(n + l) 



at z e §2"+i. Since the volume /igT(CP^) = 7r"/(r2! U]=o'^j) \M^ the 
volume of S^""*"^ in the Sasakian metric g^ is just 



Nu 






Similarly, since Sg^ = SgT — 2n, and since the mean transverse scalar 
curvature of g^ is 4n^"'^QM;j [16], we have that the projection s°^ of 
Sg^ onto the constants is given by 

n 
j=0 

Thus, 






_ ./ , ^NZ^j=o"^jvvz^fc=o"'fe^ v"-^ ■^;'^j;i^ji 



^9. - ■<., = 4(n + 2 



Notice that if the weight vector w is of the form w = 1{1, . . . ,1), then 
SgT = 4(n -|- l)nl, and this yields the scalar curvature of the Fubini- 
Study metric when / = 1, as it should. 
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For the Sasaki-Futaki character of the polarization (^^, J), it suffices 
to determine its value on vector fields X that commute with ^^, and 
that are of the form X = 9*/ for / a basic real holomorphy potential. 
In that case, we have 



%™,J)(^) = - / fi^gr. - SggWg.. ■ 



§2n + l 

For convenience, let us set Aj = X]fc=o'"^fc — (n + l)wj. Working in an 
affine orbifold chart for CP^, we then see that if / = X]"=o^«l^«P ^^ 
have that 

,1 f ibo + y]'^-'>bjXj)(woAo + y]'^_.WjAjXj) 
^(W-)W = -8(n + 2K+1 / 't.\\^n ._ti"; " dx,...dxr, 



K + ELi^.^.)"+' 



-16 



^n+1 



te-^^^^^S-^^vn;^'o-. 






Theorem 7.8. Let (D, J) be the standard CR structure on the unit 
sphere S^""*"^, and n{'D,J) and t{T),J) he the associated Sasaki cone 
and canonical Sasaki set, respectively. Then e(D, J) = n{T>,J), and 
the only canonical points in e(!D, J) that yield metrics of constant scalar 
curvature are those representing transverse homotheties of the standard 
Riemannian Hopf fibration. Of these, the metric of constant sectional 
curvature one is the only Sasaki- Einstein metric whose underlying CR 
structure is (D, J). 

Proof We have identified above fi;(D, J) with points w in M""*"^. If 
w e Ti^^, the polarized Sasakian manifold (S^""*"^,^^, J) admits a rep- 
resentative Qm with transverse Bochner fiat metric on the transverse 
space CPJ^. Thus, these weights w belong to c(T>, J). Using the homo- 
theties (!35l) . we may obtain canonical representatives of the polarized 
Sasakian manifold (S^"^^,^^^,, J) for any weight w G Q"'*'^. Applying 
Theorem 17. 6[ we obtain the same result for arbitrary weights w in M""*"^. 
Thus, e(D, J) = k{V,J). 

The expressions computed above for the scalar curvature, volume, 
and Sasaki-Futaki character for w = {wq, . . . ,Wn) € Z"^^ are rational 
functions of the weights Wj, so they also define the scalar curvature, 
volume, and Sasaki-Futaki character when w is an arbitrary vector 
in M""*"^, regardless of the fact that there may not be a transversal 
manifold to speak of in this general situation. 

The assertion about the scalar curvatures of the canonical repre- 
sentatives gw follows by the expression for d{^^,j) given above, and 
Proposition 15.21 Indeed, the character d{^^,j) is identically zero if, and 
only if, Aj = A^ for all pairs of indices j, k. This only happens if the 
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vector of weights w is of the form w = /(I, . . . , 1). The only one of 
these metrics that is Sasaki- Einstein is the standard metric. This fol- 
lows by a simple analysis of the change of the Ricci curvature under 
homotheties of the metric. D 

In this example, the first Chern class of the sub-bundle D is trivial. 
Thus, for any w in the Sasaki cone, the basic first Chern class of the 
resulting foliated manifold is proportional to the basic class defined 
by the transversal Kahler form dr]^. However, only for the weight 
w = {1, . . . ,1) there exists a Sasaki-Einstein representative. 

In general, given a CR structure (T), J) of Sasaki type on a closed 
manifold M, we do not expect the equality e(!D, J) = k{Ti, J) to hold, 
though this is likely to be so in the toric case. 
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